Nonlinear, spatially localized structures of traveling convection rolls that are surrounded by quiescent uid in horizontal layers of binary uids heated from below are investigated in quantitative detail as a function of Rayleigh number for two di erent Soret coupling strengths (separation ratios) with Lewis and Prandtl numbers characterizing ethanol-water mixtures. A nite-di erence method was used to solve the full hydrodynamic eld equations numerically in a vertical cross-section perpendicular to the roll axes subject to realistic horizontal and laterally periodic boundary conditions with di erent periodicity lengths. Structure and dynamics of these localized traveling waves (LTW) are dominated by the concentration eld. Like in the spatially extended convective states that are investigated in an accompanying paper, the Soret-induced concentration variations strongly in uence, via density changes, the buoyancy forces that drive convection. The spatio-temporal properties of this feed-back mechanism, involving boundary layers and concentration plumes, show that LTW's are strongly nonlinear states. Light intensity distributions are determined that can be observed in side-view shadowgraphs done with horizontal light along the roll axes. Detailed analyses of all elds are made using colour-coded isoplots, among others. In the frame comoving with their drift velocity, LTW's display a nontrivial spatio-temporal symmetry consisting of time-translation by half an oscillation period combined with vertical re ection through the horizontal midplane of the layer. A time-averaged concentration current is driven by a phase di erence between the waves of concentration and vertical velocity in the bulk of the LTW state. The associated large-scale concentration redistribution stabilizes the LTW and controls its drift velocity into the quiescent uid by generating a buoyancy-reducing concentration "barrier" ahead of the leading LTW front. All considered LTW's drift very slowly into the direction of the phase velocity of the pattern. For weak Soret coupling, = 0:08, LTW's have a small selected width and exist in a narrow band of Rayleigh numbers above the stability threshold for growth of TW's. For stronger coupling, = 0:25, LTW's exist below the bifurcation threshold for extended TW's in a narrow band of Rayleigh numbers. In its lower part, LTW's have a small selected width. For somewhat higher Rayleigh numbers, there exist two LTW attractors with two di erent widths. For yet higher Rayleigh numbers, there is again only one LTW attractor, however, with a broader width. Dynamical properties and the dependence on the system length are analysed. Comparisons with experiments are presented. 47.20.-k,47.54.+r,47.15.-x,47.10.+g Present address: Paul Scherrer Institut, CH-5232 Villigen PSI, Switzerland
I. INTRODUCTION
In this paper we investigate, by numerical integration of the hydrodynamic eld equations, localized traveling wave (LTW) convection in binary uid layers heated from below, i.e., convective structures that are spatially conned and surrounded by quiescent uid. The convectively active region consists of a few straight, parallel roll vortices traveling under an intensity envelope which itself drifts, albeit very slowly compared to the phase velocity of the roll pattern. So a particular roll vortex grows under the trailing front of the LTW intensity envelope and travels towards the leading front, where its intensity smoothly decreases to zero.
Since a recent review 1] covers many of the experimental LTW observations 2{25] and many of the various theoretical approaches 26{45] capturing to a varying degree the experimental observations, we shall add only a few complementary comments { see also 26, 27] . The fact that LTW structures of roll vortices do not exist in one-component uids like water already suggests that the degrees of freedom of the concentration eld play a decisive role: Firstly, they cause roll vortices to propagate when the separation ratio 1], i.e., the Soret coupling between temperature and concentration eld, is negative and of su cient size, whereas in pure uids the primary convective structures are stationary. Secondly, travelingroll vortices generate a large-scale concentration current. In LTW states, it causes a characteristic large-scale concentration redistribution that in uences, via its contribution to the local density, the driving pro le of the local buoyancy force. The balance of the latter turns out to be dominated by the current-induced concentration redistribution and to be of a form that (i) stabilizes the convectively active region against invasion of the quiescent conductive state and vice versa and (ii) controls in a delicate balance the drift of the LTW into the conductive state to be very slow by a build-up of a concentration "barrier" which impedes the LTW motion.
Our investigation of LTW's is based upon results of an analysis 46] of spatially-extended convection structures of stationary rolls, so-called SOC states, and of traveling rolls, so-called TW states, and, simultaneously, it is a continuation of this analysis. We have calculated and analysed several LTW states for two negative Soret coupling parameters, = 0:08 and = 0:25, that have also been investigated in experiments 2{15]. Here, the stronger Soret coupling = 0:25 causes richer and more complex LTW bifurcation behaviour than the smaller one, = 0:08. We should like to stress that all these LTW's are strongly nonlinear. Their spatiotemporal behaviour can neither be described quantitatively by a weakly nonlinear expansion around the oscillatory bifurcation threshold r osc for onset of TW convection, nor by simple heuristic amplitude-equation approaches. We therefore solved the full hydrodynamic eld equations numerically with realistic boundary conditions, using an explicit nite-di erences method. We restricted ourselves to 2d convection in the form of straight rolls by suppressing spatial variations along the roll axes. We imposed laterally-periodic boundary conditions with a periodicity length of twenty or forty times the height d of the uid layer. In particular, we wanted to elucidate the role of the concentration eld. Without Soret coupling, = 0 , concentration deviations from the mean eventually diffuse away. It is the combination (i) of the linear coupling of its degrees of freedom to the temperature eld via the Soret e ect and (ii) of its contribution to the buoyancy force | the concentration eld directly in uences the driving mechanism for convection | that causes the additional richness of convective dynamics and structures in mixtures in comparison to pure one-component uids. On the one hand, concentration is advected, and since the concentration di usion constant is small, it is transported almost passively by the ow, except for boundary-layer e ects. But, on the other hand, the structural dynamics of the concentration eld actively feeds back via the associated density variations into the buoyancy force that drives convection.
LTW's have been investigated so far only in ethanolwater mixtures. They were found close to the oscillatory threshold r osc for su ciently negative . After the rst observations of LTW's in short rectangular convection cells by Moses et al. 2] and Heinrichs et al. 3 ] for = 0:08, Kolodner et al. 4 ,5] also saw, for = 0:25, in an annular channel, i.e., a system unin uenced by lateral endwalls, spatially-con ned regions of TW activity surrounded by the quiescent conductive state. The convectively active region was stable, did not drift, and could have practically any width in di erent experimental runs for the same parameters. Then, in an ad hoc fth-order amplitude equation, Thual and Fauve 28] found pulse solutions with selected width that drifted with the critical group velocity v lin g of a linear wavepacket of TW perturbations at the oscillatory threshold. Furthermore, they showed that stability of these pulse solutions required complex coe cients. Also, the connection to soliton solutions of the nonlinear Schr odinger equation with imaginary coe cients was discussed 29{32]. Bestehorn et al. 33{36, 47] investigated localized structures using their order-parameter equation. Van Saarloos and Hohenberg 37, 38] found, for their amplitude equation, an analytical unstable pulse solution of selected width with a shape similar to a stable one. While all these pulses drift with v lin g , it was shown 39, 40] that nonlinear gradient terms change drift velocity and pulse shape. With additional nonlinear terms in their amplitude equation, Levine and Rappel 41] reported solutions of arbitrary width and argued that the appearence of selected or arbitrary-width pulses sensitively depends on the coe cients in their equation. These simple amplitude-equation models have been very useful in providing a language to express certain aspects of the real LTW states. But they do not seem to be the appropriate theoretical framework for an explanation and a quantitative description of the physical phenomena appearing in the spatio-temporal behaviour of LTW's.
Niemela at al. 6] observed nominally the same LTW states with selected width for = 0:08 in annular channels as well as in straight channels with endwalls. Their top-view shadowgraph intensity pro les seen with vertical illumination were similar to analytical pulse proles of 37, 38] . The LTW's in the annular channel came to rest after a transient drift with a positive or negative drift velocity that was small compared to the phase velocity v p of the roll structure. Furthermore, LTW's were generated 16, 17] in nite, straight channels that rested in the middle and not near an endwall. Note that LTW's touching a lateral endwall change their structure slightly but their frequency strongly. For more details, see 17] . Anderson For a detailed discussion of the most recent developments concerning numerical solutions of the full eld equations 27] and experiments 14,15], we refer the reader to the main part of this work; in particular secs. IV, V where our results are presented in quantitative comparison with recent experiments. Our work is organized as follows: In the accompanying paper 46], we investigate spatially-extended convection as the basis for understanding the more complicated LTW structures. Section II describes the system we study. In section III, the common structure of LTW states is discussed, especially focussing on the concentration eld, its in uence on the buoyancy balance, and the transport properties of LTW's. A comparison with extended TW convection is given. In section IV, we discuss bifurcation behaviour and the structural dynamics of narrow LTW's for = 0:08. Section V investigates the dynamics and the more complicated bifurcation behavior of LTW's for = 0:25, including nite-size e ects. Special emphasis is given to the selection of width of these states. A detailed comparison with recent experiments is presented.
The conclusion in section VI lists our main results on strongly nonlinear LTW states.
II. THE SYSTEM
We consider a horizontal layer of a binary uid mixture like alcohol-water under a homogeneous gravitational eld, g = g e z , that is directed downwards. A positive temperature di erence T between the lower and upper con ning boundaries is imposed externally, e.g., via high-thermal-conductivity plates in experiments. Here, we consider convection in the form of straight, parallel rolls, as seen in many experiments. Ignoring variations along the roll axes, we investigate 2d convection in an x z plane perpendicular to the axes described by the balance equations for mass, heat, concentration, and momentum in Oberbeck-Boussinesq approximation 58{61] as documented in 46, eq. The buoyancy force ( 0 )g due to density deviations from the mean is the driving mechanism for convective motion. It enters into the momentum balance 46, eq. (2.4)] via the buoyancy term B = R ( T + C)e z . The horizontal boundaries of the layer, that we shall call plates for shortness, are at z = 0; 1. The lateral boundaries are at x = 0; . The plates are rigid for the uid, and perfect heat conductors, so that the temperature of the uid at z = 0; 1 is constant and laterally homogeneous. The plates are impermeable to the uid, so there is no concentration current through the plates: J e z = 0 or @ z C = @ z T at z = 0; 1 . These NSI (no-slip impermeable) boundary conditions have to be contrasted with the idealized FSP (free-slip permeable) boundary conditions that are suited for expanding the elds in trigonometric functions and that are often used in theoretical approaches. However, since the latter allow vertical concentration transport through the plates, they probably misrepresent the delicate concentration balance of LTW states.
In lateral direction, all elds F = u; w; T; C; p are periodic with a given lateral periodicity length :
F(x; z; t) = F(x + ; z; t) . Since the pressure p is determined via the Poisson equation by u; T; C, we do not need boundary conditions for it. Here, we report the results of calculations done in periodicity intervals of = 20 and 40. To integrate the partial di erential equations we used a modi cation of the SOLA code that is based on the MAC method 63{66]. This is a nitedi erences method of second order in space on staggered grids for the di erent elds, with an explicit rst-order The conductive state u cond = 0 ; T cond = 1 2 z ; C cond = 1 2 z , is globally stable for small thermal stress. It describes vertical heat di usion through the layer without convective motion. The heat current is Q cond = e z . The constant temperature gradient induces a vertical concentration gradient given by which enforces the concentration current to vanish: J cond = 0 . The concentration strati cation causes a modi cation by the factor (1 + ) in the buoyancy B cond = R (1 + ) 1 2 z e z , relative to the thermal part. So, depending on the sign of the Soret coupling, the Soret e ect enhances or depresses the buoyancy.
To describe convection, we use the velocity eld, in 
III. LOCALIZED TRAVELING WAVE STATES
In this section, we discuss common properties of LTW's that we have obtained for a weaker Soret coupling of = 0:08 and a stronger one of = 0:25 as stable solutions of the 2d hydrodynamic eld equations in a vertical cross-section perpendicular to the roll axes. In fact, experiments so far seem to suggest that the proximity of walls in narrow convection channels which orient the axes of the convection rolls perpendicular to the walls and parallel to each other { thus enforcing a conguration we are simulating { is necessary to stabilize spatially-localized traveling convection rolls 24].
In Fig. 1 Despite these di erences | the states at = 0:08 and 0:25 are discussed in detail in sec. IV and V, respectively | the LTW's display similar physical properties to be discussed in this section, e.g., a nontrivial spatio-temporal symmetry. We compare the eld structure of our LTW's in the x z plane perpendicular to the roll axes with each other and with extended TW states. Furthermore, we elucidate the e ect of the large-scale, current-induced concentration redistribution on the buoyancy pro le of the LTW and its consequences.
A. Structure
Here we rst brie y review and then expand our results 42,26,27] on the structure of LTW's. While they di er in spatial extent and somewhat less in frequency, group velocity, and convection intensity, they exhibit similar structure and behavior. 1. Fields If one considers LTW's to consist of three characteristic parts | a leading front, a central part, and a trailing front, relative to the propagation direction of the TW phase | then one can roughly say that all our LTW's di er only in the extent of their central part. Structural properties at the leading front seem to be universal. The trailing fronts of the LTW states also resemble each other, but the eld structure there is distinctly di erent from the leading front. These features can be seen in Fig. 2 , where narrow LTW's at = 0:25 and = 0:08 with di erent widths are shown next to each other. In fact, the structural properties at the leading and trailing fronts, respectively, of the two di erent LTW's agree with each other even in detail. This is documented in Fig. 2 , where we compare (a) the shape of the wavelength variation (x), (b) the vertical velocity eld w(x; z = 0:5), (c) the streamlines of the large-scale mean concentration current, and (d) the lateral pro les of the time averaged convective temperature h i, concentration hci, and buoyancy force hbi = hc + i, to be discussed further below.
For a more detailed presentation of the structure of the various elds, see 42, 26, 27] .
The topview shadowgraph intensity distributions After transients have died out, all our LTW's drift with a nite but small group velocity v g forwards, i.e., into the propagation direction of the phase of its TW constituents, while the width`remains constant. In the coordinate system comoving with the center of mass velocity v g , the LTW elds are periodic in time:
F( x; z; t) = F( x; z; t + );
with being the oscillation period of the LTW in its rest frame . Remarkably enough, our LTW states display an additional nontrivial spatio-temporal symmetry F( x; z; t) = F x; 1 z; t + 2 (3.3)
with + for u; p and for w; T; C, and B. This symmetry (3.3) of LTW's is the analog of the symmetry 46, eq.(3.16)] of extended TW's.
LTW versus TW
The elds in the center of LTW states have a similar structure to that in extended TW states. This is demonstrated in Fig. 3 , where we compare a LTW state 
B. Buoyancy balance and the large-scale current-induced concentration redistribution
Analysing the balance of buoyancy forces that drive convection is central to understanding the dynamics of LTW's. So, in this section we demonstrate how the distribution of the mean concentration (averaged over one oscillation period of the LTW) that is associated with a large-scale, closed, mean concentration current circulating over the whole LTW state in uences the local e ective driving force for convection. with + for u; p and for w; T; C, and B.
In the center part of the LTW, as in an extended TW, convection reduces the time averaged vertical temperature and the concentration gradient in the bulk of the uid layer. Fig. 2d presents evidence for this convectively induced attening of the vertical eld pro les in the pulse centers: in the lower warm and alcohol-poor region of the layer, say, at z = 0:25 one has h i < 0 and hci > 0, while in the upper cold and alcohol-rich region of the layer, the reverse holds, according to (3.6). Fig. 3 , 3rd row, shows the convective homogenization of the mean concentration by the green color in the center part of the LTW as compared to the strong vertical gradient in the surrounding quiescent conductive regions.
Buoyancy force pro les
The above described convection-induced vertical concentration redistribution enhances the mean buoyancy force hbi = hc + i (cf. Fig. 2d ) relative to that in the conductive region, while the convective temperature equilibration in the bulk of the layer has the opposite e ect of weakening hbi. Note that a positive (negative) hbi in the lower (upper) half of the uid layer implies an enhancement of the force hbi e z in upwards (downwards) direction.
It is obvious from Fig. 2d that the convection-induced mean buoyancy pro le hbi of the LTW is dominated by the concentration contribution. Furthermore, since the temperature pulse is signi cantly smaller than the concentration pulse (cf. To conclude, the vertical pro le of the time-averaged concentration "barrier" ahead of the leading front shows a surplus, hci > 0, in the upper half of the layer and symmetrically a depletion, hci < 0, in the lower half relative to the conductive concentration distribution. So in the "barrier" the vertical concentration gradient is enhanced.
Mean concentration current
The presence of this concentration "barrier" ahead of the leading front can be related to the existence of a strong mean circulating concentration current hJi = hu Ci Lr h C Ti :
Its streamlines are shown in Fig. 2c and in the third row of Fig. 3a . The origin of this current is the phase shift between the concentration eld and the velocity eld in the center part of the LTW. This shift leads, as in extended TW's 46], to a strong time-averaged concentration current in the center of the LTW. In the upper half of the layer, hJi ows parallel to the phase velocity of the LTW, i.e., here to the left, and vice versa in the lower half of the layer. So hJi has nearly horizontal streamlines in the central part of the LTW. On the other hand, there is almost no concentration current in the conductive area surrounding the LTW. Hence, the two currents that ow oppositely to each other in the center part of the LTW bend over vertically, thus forming a large-scale, closed circulation loop (dashed lines in Fig. 2c ) extending over the whole LTW. The horizontal currents in the center part are convective, while the vertical currents are partly di usive. In addition to the large-scale concentration current that circulates counterclockwise along the dashed streamlines in Fig. 2c , there are two small, secondary loops with clockwise circulation under the leading front. They are caused by the strong convective reduction (increase) of the mean concentration h Ci in the center part of the LTW in the upper (lower) half of the uid layer relative to the surrounding conductive state. Near the plates, where di usion dominates, the resulting lateral concentration gradients drive a lateral di usive current hJi = L @ x h Ci e x at z = 0; 1 ; (3.8) which transports concentration out of the conductive region into the LTW at the upper plate and vice versa at the lower plate. This increases slightly the primary concentration circulation at the trailing front; see the small dents in the outer concentration streamlines. But at the leading front this di usive e ect counteracts the primary concentration current and generates the two small secondary countercirculating current loops (solid lines in Fig. 2c ) under the leading front. Spurs of very low intensity of the primary, left-turning concentration circulation, that reach into the conductive region, are not resolved in our plot.
Concentration current and drift velocity
All in all, the time-averaged concentration current sustains a small concentration surplus in the upper half of the layer ahead of the leading front and a small concentration de ciency in the lower half of the layer, as compared to the conductive state, which reduces the buoyancy force there. This current-induced "barrier" seems to be the reason why the LTW drifts with a much smaller group velocity v g than the phase velocity of the rolls. This explanation is supported by the experimental and numerical fact that v g increases as the phase velocity, i.e., the LTW frequency decreases with growing r: As ! decreases, so does the mean concentration current, cf. 46, Fig. 8 ]. Thus the concentration redistribution forming the "barrier" and its "braking" e ect becomes weaker.
Also, the experimentally-observed 11,10,12,14,15] reduction of v g even below zero for smaller r, i.e., larger !, ts into this picture: For larger !, the concentration-currentinduced, buoyancy-reducing vertical concentration gradient ahead of the leading front becomes so strong that convection cannot penetrate into the conductive state at the leading front and is even | for su ciently large ! (small r) | pushed back by the expanding conductive state, so that the LTW drifts backwards (see also the discussion in sec. IV.A). 5 . Further mean transport (a) Mean heat transport | The phase di erence between temperature wave and velocity wave causes a timeaveraged lateral heat current hQ x i in the center part of the LTW as discussed in section III.E for extended TW's. But, since there is also a large mean vertical heat current hQ z i, heat is transported mainly upwards. The lateral heat current hQ x i only leads to a lateral bending of the streamlines of hQi and also of the mean convective heat current hQi Q cond in the center part of the LTW. All in all, the time-averaged heat current hQi has, with its open, nearly vertical streamlines, a strongly di erent structure than the concentration current hJi. In particular, there is no circulation of heat.
(b) Mean ow? | While extended TW's do generate a small lateral mean ow (section III.E), its LTW analog would drive a kind of circulating Poiseuille ow in the conductive region surrounding the convective part of the LTW state in annular geometry. The symmetry (3.6) only yields the information that, in the system comoving with the group velocity v g of the LTW, h ui ( x; z) = + h ui ( x; 1 z) (3.9) and h wi ( x; z) = h wi ( x; 1 z) : (3.10) For our calculation accuracy, the MAC algorithm shows an extremely small lateral mean ow of the order of 10 5 ; remember that the mean ow in extended TW states is of the order of 10 3 51, 46, 74] . We cannot exclude a physical origin for the mean ow in the LTW's, but we suppose that it is a numerical artifact, which has its source in the iterative adjustment of the velocity elds and the pressure to each other. In this procedure, incompressibility of the uid is guaranteed only within a given accuracy limit.
C. Other theoretical work
Recently, pulse solutions 28,40,31,32,37,41,38,1] have been found in amplitude equation models containing unsystematically some fth-order terms. However, these models should not be expected to yield a full, realistic description of the structure and dynamics of LTW elds in binary mixtures, since one common amplitude A(x; t) for all elds multiplying a harmonic wave e i(kcx !ct) cannot represent the elds appropriately | TW's and LTW's, being strongly nonlinear states, di er signicantly from linear convective plane-wave perturbations. Furthermore, the concentration eld, with its nonharmonic structure that di ers dramatically from the temperature and velocity elds, controls the buoyancy dynamics described in the previous section. Thus, approaches using single-mode amplitude models fail to incorporate the LTW dynamics related to the large-scale concentration redistribution. Indeed, this seems to be one reason for the fact that the pulses of simple amplitude equation models have a fast group velocity, comparable in magnitude with their phase velocity. Such equations, when enlarged 44,45] to contain a mean concentration mode in an idealized way, i.e., under FSP conditions, show a concentration redistribution e ect and thus a slowing down of the group velocity. This seems to be in line with our earlier explanation 42] that the concentration redistribution in real LTW's, described above, leads to a stabilization of the conductive (convective) region at the leading (trailing) edge against penetration of convection (conduction). The propagation of the two fronts separating the two regions is thereby hindered. Derivation of a model for realistic, impermeable boundary conditions that would ensure an appropriate concentration balance without allowing leakage through the plates and more quantitative tests of its results would be very useful to assess its validity and predictive power.
Considerations of concentration currents 75,2] and speculations on a concentration redistribution 50, 76] in connection with lateral concentration currents 77, 50] have been presented earlier.
IV. NARROW LTW PULSES AT = 0:08
In this section, we discuss bifurcation behavior, generation, stability, and decay of LTW's for = 0:08. We start with this because the LTW properties are simpler here than for = 0:25. In experiments 6,13,10,15], only LTW states of selected small width, like the state X on the right side of Fig. 2 , have been found for around 0:08. We get the same result with our simulations.
A. Bifurcation properties compared to experiments
For the Rayleigh numbers r X = 1:104, r Y = 1:106, r Z = 1:109 above r osc where we performed calculations, we found only narrow LTW pulses (Fig. 4 and Tab. I).
One of them, namely, X has been described in 42, 26] .
They compete with stable extended SOC states | here r lies below r osc , cf. 46, Fig. 9 (Fig. 4d) with too large spatial variations of the local Rayleigh number in the experimental cell. But also those convection cells in which pulses do travel still have small inhomogeneities 10] which might explain part of the differences in the group velocity between simulation and experiment. Furthermore, experiments in narrow annular channels observe 3d LTW convection which is in uenced by the radial sidewalls, whereas the calculation simulates truly 2d convection. Finally, there are also di erences in the experimental and numerical Lewis and Prandtl numbers, e.g., in experiments, L is mostly smaller than 0.01. It is tempting to speculate about the consequences of the smaller L in experiments: (i) It will cause a larger concentration contrast in the TW pattern, thus a larger oscillation frequency, thereby a larger mean horizontal concentration current, and a larger concentration redistribution.
(ii) Di usion being reduced, the concentration "barrier" ahead of the pulse described in Sec. III.B.3 will tend to be stronger. While both e ects have the tendency to slow down the pulse, we do not know whether their magnitude can explain quantitatively the di erence between the faster numerical drift and the slower experimental one.
The LTW frequency ! (Fig. 4a) in the comoving frame was determined unambiguously from half the frequency of the Nusselt number. The latter oscillates slightly because convection rolls are created under the trailing front and annihilated under the leading front. The LTW frequency decreases strongly with growing r. Such Kaplan 17, 25] . But these arguments do not explain the xed width of the LTW pulses, i.e., why and how the leading and trailing fronts of the LTW are coupled to have the same velocity.
C. Generation of LTW's
To generate the rst LTW X, we " lled" half of our system of length = 20 with an extended SOC state and the other half with the conductive state. These initial conditions evolved at r X into the LTW state X. To show that this state is uniquely selected, as we expected from experiments 6], we proceeded from state X as follows: We increased the drive to r = 1:145, i.e., clearly above the stable LTW band. There, the phase velocity strongly decreased, and the width of the convective region rapidly increased. After 50 di usion times, it was about three times as big as at the beginning and nearly lled the entire system. The frequency was about 1
! H
and the wavelength about 2 in the convective area. This transient solution | which we checked in a di erent run at the xed r = 1:145 to evolve into a transient slow TW relaxing towards the stable extended SOC state | was then used as initial con guration for reducing the drive down to r X . With this reduction, the LTW state X developed again. Since this time, however, the initial condition was completely di erent, we conclude that there is only one stable LTW available at r X , namely the state X.
The transition from the broad and slowly-traveling transient to state X, as shown in Fig. 5 , is typical. After reduction of r to r X , the velocity, temperature, and Nusselt number adapted within 1 or 2 di usion times to the new r value. We determined an intensity center X(t) of the velocity eld, not to be confused with the state X, by X(t) = R dx x w 2 (x; z = 0:5; t) R dx w 2 (x; z = 0:5; t) :
It travels only slightly during this time. The standard deviation X(t) de ned via the second moment of w 2 , ( X(t)) 2 = R dx x 2 w 2 (x; z = 0:5; t) R dx w 2 (x; z = 0:5; t) X 2 (t) ; (4.2) decreases by about 15% during this short time (Fig. 5d) .
During the next 100 di usion times, X(t) traveled with a group velocity of about 0:07. Since the leading front moved with a velocity of about 0:05 and the trailing front with about 0:09, the width of the LTW state decreased by about 10 to 15%. The phase velocity (see ! in Fig. 5a ) got with about 0:14 twice as large as the group velocity (Fig. 5c ), while the wavelength remained about 2. During the next 100 di usion times, the width halved and N 1 (Fig. 5b) decreased by a factor of three, while the phase velocity more than doubled. The group velocity increased further to a maximum value of about 0:13 at t 200. By then, the transient LTW had nearly reached its end structure. The higher phase velocity has lead to a stronger concentration contrast between adjacent rolls. The wavelength now varies already strongly in the convective region. The maximal upward ow amplitude w max has decreased by about 15%. In the time interval from 200 to 250, the end state X was reached. During this time, the width of the state decreased minimally. But the phase velocity doubled, the group velocity nearly halved, N 1 further decreased by about 25% and w max by 10%. Connected with the increase of the phase velocity, the concentration contrast between adjacent rolls increased again. The transition to the nal state happened in a characteristic manner. The change of the group velocity happened between t = 200 and t = 220. Simultaneously, N(t) 1 and the width of the state showed a slight "undershooting" under the value of the stationary LTW, combined with a sharp decrease of the group velocity. It is not clear whether this "undershooting" is a hint of an oscillatory relaxation into the stable LTW end state, since, if there are indeed such oscillations, then they lie within the order of magnitude of the oscillations generated by the propagation of the rolls under the front. In any case, we did not observe such an "undershooting" for = 0:25 (cf. sec. V.D.). Since the velocity of the leading front stayed nearly constant during the entire process, the behavior of the width and also the "undershooting" in the width of the state by about 5% re ects the time behavior of the trailing front.
At the upper end r Z of the LTW band, we observed the selection of the narrow LTW state Z. Starting with a broad LTW state, we saw qualitatively the same behavior there as we have just described for the state X. At r Y , we investigated the transition behavior in the LTW band.
Starting from the state X, the system reached the stable end state Y about 50 di usion times after the increase of the drive from r X to r Y , exhibiting a simple relaxation behavior.
D. Decay of LTW's
The fate and evolution of LTW's di ers signi cantly after crossing the lower or upper stability boundary of the stable LTW band. We rst consider the decay of an LTW pulse at the lower end of the LTW band. Starting from the state X, we reduced the drive by about 0:002 to r = 1:102, where the LTW state is unstable and decays towards the conductive state. But still being above r osc , the conductive state is also unstable. (As an aside, we mention that, after reduction to r = 1:084 < r osc , the system ended in the then stable conductive state although there is also a stable extended TW state { cf. 42, Fig. 1 ].) Let us now consider the behavior in more detail.
The LTW retains its width up to the time t 60, while the strength of convection decreases by about 30%. The group velocity decreases to about 0:03, which we would extrapolate from Fig. 4d for a LTW at this r value. Over the next 20 di usion times, convection nearly dies out. But with the conductive state being unstable, convection starts to grow again, predominantly at the leading front, and there is an interplay between decay of the LTW and growing extended convection. Now the concentration eld no longer has the trapezoidal structure, but is nearly harmonic, like the temperature and velocity elds. At t 170, the relaxation into the "strongly nonlinear" extended SOC state begins. Together with the increase of the amplitude, the phase velocity decreases and decays in the long time limit to zero. So, when crossing the lower band limit of stable LTW's, the convection intensity rst decreases and then grows again.
At the upper end of the LTW band, the dynamics of unstable LTW's is completely di erent and similar to what has been seen by Kolodner 10] . There, the LTW expands, and nally its fronts touch one another. Then, the gap between the two fronts closes, and a slow, spatially modulated, extended transient TW develops which then relaxes into the stable SOC state. For longer convection cells, one would expect that the " lling" of the conductive region with convection could also be determined by growing disturbances of the conductive state. See the experimental work of Kolodner and Glazier 21, 22] and Kaplan and Steinberg 17, 25] .
V. LTW'S AT = 0:25
For more negative Soret coupling, at = 0:25, LTW's show richer and more complex bifurcation properties than at = 0:08. The situation is indeed more complicated than we expected from the early experiments 4,5,9] and also seems to be more intricate than the one reported in recent experiments 14, 15] . We found on the one hand stability of di erent LTW states with di erent widths in a narrow interval of Rayleigh numbers and on the other hand below and above it uniquely selected LTW states with a uniquely selected width, indicating monostability.
A. Properties
Since the determination of complete LTW bifurcation diagrams clearly exceeds our computational resources, we discuss a skeleton ( system having di erent widths. Strength of convection w max , frequency !, and group velocity v g are essentially the same for these states A 1 ; B 1 ; C 1 . For more details on these di erent states at r A and our conclusion that there is in fact bistability at r A , cf. point (f) and (g) below.
(b) Finite r-band of stable LTW states. | Our states at r D = 1:241 and r E = 1:244 below r A and at r F = 1:248 above r A show that there is a nite rband in which LTW's exist. Within this band, the frequency ! does not vary much, while w max (Fig. 6a ) and v g (Fig. 6c) increases slightly with r. For all states, v g is small and positive, i.e., parallel to the phase velocity. Their width is discussed further below. While we did not determine the lower existence limit of the r-band, we can say that it lies between r D = 1:241 and 1:2155. At the latter Rayleigh number, which is just above r s TW , a broad, transient LTW shrank to a narrow transient LTW which then decayed into the conductive state. Concerning the upper band limit, we can say that, in a = 20 system, it lies between r F = 1:248 and 1.251: Starting with state B 1 at r B = 1:246 and increasing r to 1.251, convection spread in both directions into the conductive region. In a = 40 system, on the other hand, some test calculations described in (e) below give a hint that the upper band limit for stable LTW's there lies at a smaller r, somewhere between r A = 1:246 and r F = 1:248.
(c) Irregular behavior. | When leading and trailing fronts of the above described expanding LTW transient in a system length = 20 at r = 1:251 touched each other, they interacted strongly. In this case, width, shape, and Nusselt number showed complicated, irregular behavior 27] for several hundred thermal di usion times. We have hints that this aperiodicity is not transient but genuine, long-time behavior: (i) Upon reducing r to r A = 1:246, the system did not show a transition to a regular LTW state but continued to behave erratically, so we stopped the simulation. (ii) At r = 1:256 we also observed such an irregular behavior for more than 1000 di usion times before we stopped the calculation. For r = 1:266, this front interaction period lasted only about 200 di usion times. Then, convection invaded the entire space, and the system relaxed into a stable extended TW with 10 roll pairs. For = 0:08, we did not nd erratic behavior triggered by the interaction of the LTW fronts. This novel phenomenon does not seem to have been reported before. For instance, the erratic behaviour discussed in 15, Sec. VIII] seems to be a bulk phenomenon that is not related to an interaction of leading and trailing front that touch each other in our periodic system. Also, the LTW's E 1 = E 2 at r E seem to be uniquely selected: E 1 resulted from B 1 after instantaneously decreasing r from r A to r E , while E 2 developed out of B 1 as r was very smoothly ramped down from r A to r E . Note that B 1 is a broad state, while D 1 = D 2 and E 1 = E 2 are narrow states.
(e) Broad LTW states above r A . | We also found monostability or unique selection above r A in a system of length = 20 | the two states F 1 = F 2 at r F = 1:248 have completely di erent histories 27]. F 1 developed out of B 1 , which has a large width comparable with F 1 , whereas F 2 evolved out of E 1 , which has a much smaller width at r E . Note that the selected LTW at r F > r A has a broad width 9:4, while the LTW's selected below r A are narrow pulses like those at = 0:08. Recent restricted test calculations for a = 40 system, on the other hand, seem to indicate that there might be no stable LTW at r F in a system of length = 40. There we performed two simulations: (i) While starting with a transient of width 20, we got the LTW C 2 at r A after a shrinking process. But after increasing r to r F having initially a length` 15 this LTW transient expanded during 1200 di usion times to` 20 before we stopped the run. (ii) Starting with the LTW C 2 at r A , we increased the drive linearly to r F over 100 di usion times. During this time,`increased from 9.6 to about 10.5. Then, we kept the drive at r F , and the width still increased and grew to about` 16 after 1000 further diffusion times. The width X increased sublinearly from 2:81 to 4:27 during this interval, which is well above the widths of the states F 1 ; F 2 and also C 1 ; C 2 . We do not know whether there is a LTW attractor at r F in a = 40 system or whether the expansion proceeds until there is an erratic interaction of the leading and trailing front as in the = 20 system. Furthermore, data for r-values between r A and r F are not available to determine, e.g., the upper band limit of broad LTW states in a = 40 system. 
Now consider the situation at r A . To test for length dependence of the two bistable states A 1 and B 1 = B 2 that we found at r A in a = 20, system we did the following runs: First, we used B 1 as initial condition in a = 40 system and observed an expansion (Fig. 7) to the slightly broader state C 1 . So there is indeed a small dependence of the broad state at r A which is absent for the narrow states D 1 ; D 2 at r D . In another run, we " lled" half of the = 40 system with an extended TW and the other half with the conductive state. This initial condition shrank to a broad LTW transient that slowly relaxed with monotonically decreasing width (Fig. 7d) towards C 2 = C 1 . These two scenarios show that we also have a state selection of C 1 = C 2 in = 40 systems.
Furthermore, the slow width-reducing relaxation from a transient that lled half of the = 40 system towards C 2 suggests that C 1 = C 2 is the broadest stable LTW at r A . But C is not the only stable LTW in = 40 systems.
As for = 20, there is multistability. This we showed with the generation of A 2 starting from D 2 at r D and increasing r to r A (Fig. 7) . A 2 is distinctly narrower (by 3.1) than C and only marginally wider (by 0.2) than its = 20 analog A 1 .
While the nal-state properties of our LTW's at r A like phase velocity, extension, group velocity, and eld amplitudes do not di er much for the two di erent system lengths, there is a big di erence in relaxation times: In our = 40 system, the relaxation rate into one of the bistable states at r A was about 0:001, i.e., a factor of 15
smaller than the rate in the = 20 system { not just a factor of about 4 as one might expect from di usive processes. So we had to wait some thousand di usion times. Below r A at r D , on the other hand, there was no di erence in the relaxation rate towards the narrow states D 1 = D 2 obtained for di erent 's.
Since Kolodner 14, 15] did not see bistability in his system of length = 82, but rather states of several di erent widths for 1:335 < r < 1:338 14, Fig. 4 ], one wonders whether bistability might be a nite-size e ect that vanishes in the limit of ! 1 or indeed already for large nite . On the other hand, if by increasing the system size by another factor of two from our = 40 to his = 82, the relaxation time increases again by a factor of 15 to about 15000 one wonders whether such ultra slow dynamics could be changed by ultra small inhomogeneities.
(h) Conclusion. | So we found monostability or unique selection of a narrow (broad) LTW at r D ; r E (r F ) in a = 20 system in the lower (upper) part of the rband of LTW states. In a = 40 system, we found unique selection of the same narrow LTW state as in the = 20 system at r D , i.e., in the lower part of the rband. Above r A , we have only test data available for a = 40 system at r F which are not conclusive but hint against the existence of a broad LTW. In that case, the upper band limit of stable LTW's would be somewhere between r A and r F in the = 40 system, i.e., below the band limit of the = 20 system. Right at r A , our results
show, both in a = 20 as well as in a = 40 system, bistability of two di erent LTW attractors { a broad one and a narrow one. But the relaxation times towards them are signi cantly longer in the = 40 system than in the = 20 system. Thus, we speculate that (at least) the = 20 data points shown by circles in Fig. 6b should be connected by a S-shaped curve which accomodates the monostable states on the upper and lower branches away from the turning-point region around r A , as well as the pair of bistable states in between, as shown schematically in Fig. 6b . The -dependence of w max ,`, v g (cf. Fig. 6 ),
and of the relaxation time of the states seems to suggest that the r-subrange of bistability for the = 40 system is somewhat narrower than for the = 20 system. Lacking the resources to perform additional calculations, say, for r-values between r A and r F , we cannot presently quantify the precise width of the bistability subrange in the two systems.
B. Comparison with experiments
Very recently, Kolodner 14, 15] (ii) LTW's drift with group velocities that are small compared to their phase velocity.
(iii) For small r-values, there is unique selection of a narrow pulse, the properties of which depend slightly on r. This can be seen in our calculations at r D and at r E , in the experiment for = 0:253 at r = 1:334 14, Fig. 4 ], and in the experiment for = 0:210 in the interval 1:327 < r < 1:335 15, Fig. 19 ].
(iv) For high r-values there is also a unique selection | however of a broad state, the properties of which depend on r. The selected width is signi cantly larger than the narrow width selected at lower r. The broader states are found at r F in our calculations with = 20 and for 1:339 < r < 1:340 in the experiment 14, Fig. 4 ].
(v) From the recent experiments 14, 15] , one can infer that the "arbitrary-width" LTW states that were observed earlier 4, 5, 9] in less uniform cells do not appear in more uniform systems. This agrees with our calculations.
(vi) Structural properties of the experimental LTW's 9,10,15], i.e., the topview shadowgraph intensity pro les and the wave number pro les 72], agree nicely with the numerical ones.
Di erences
(i) The absolute r-values at which LTW's are found in the experiments at = 0:253 and at = 0:210 are larger than the calculated ones by about 8%. This, we think, is nothing to be worried about.
(ii) The smallest monostable narrow states that are reported for = 0:253 have a width`e xp ' 6:8 versus num ' 5:4 for = 0:25. Since we have not determined the width at the lower end of the r-band of stable LTW's, the smallest`n um might even be slightly smaller, as can be inferred from the plot of`(r) in Fig. 6b . Remember also the slightly di erent width of shadowgraph intensity and vertical velocity eld, as discussed in Sec. IV. On the other hand, for = 0:210 narrow pulses were observed 15, Fig. 19 ] in the r-interval (1.327,1.335) with widths 4:2 < `e xp < 5:9 that are comparable to our`n um , but broad LTW's with widths up to 30 15, Fig's. 15 and 18] were also seen in the r-range (1:3355; 1:3385). Also, the broad monostable states for = 0:253 in the r-interval (1.339,1.340) of 14, Fig. 4 ] have`e xp > 15, while our broad, monostable states have`n um 10. Furthermore, Kolodner observes stable LTW's of width`e xp = 21:059 and`e xp = 32:72 15, Fig. 14 and 13 ]. Since the di erent de nitions of LTW widths (cf., sec. IV.A for a discussion) via the pro les of the top-view shadowgraph intensity distribution and of the vertical ow intensity, respectively, di er here by at most O(0:5), they cannot account for the width di erences of broad experimental and numerical LTW's. However, we should mention that we cannot investigate very broad states in our = 20 system and have not done it extensively in our = 40 system. If very broad, stable LTW's, e.g., with length 15 < `< 30 should exist in our = 40 system, then they should exist between r A and r F , and their r-range would have to be smaller than r 0:002. (1) The drift velocity with which leading and trailing fronts of the LTW move results from a complicated balance between stabilization and destabilization of conduction and convection in which concentration currents and buoyancy forces play an important role and which therefore is presumably quite sensitive to details like, e.g., the cell width. For example, too strong a current-induced stabilization of the conductive state ahead of the leading front (sec. III.B.4) should cause an invasion of the conductive state there into the convective region, i.e., a recession of the leading front. 
VI. CONCLUSION
The main goal of this paper has been to provide a quantitative description of spatially-con ned travelingwave convection in binary uid mixtures and thereby to come to an understanding of these strongly nonlinear LTW states that compete with spatially extended convection for negative separation ratios in a narrow interval of Rayleigh numbers. Since the concentration eld plays a decisive and very important role | after all, without it, i.e., in pure uids there are neither TW's nor LTW's | the analysis of its in uence on the balance of buoyancy forces that drive convection have turned out to be central to understanding the spatio-temporal behaviour of LTW's. Simply constructed, heuristic amplitudeequation models that do not incorporate the degrees of freedom of the concentration eld appropriately should therefore not be expected to provide a proper description of LTW's.
We have numerically determined LTW solutions of the full, 2d eld equations in laterally periodic systems of length = 20 and = 40 for ethanol-water mixtures (L = 0:01; = 10) with negative Soret coupling parameters = 0:08 and = 0:25, for which experiments 2{15] have been performed. Structure. | Our LTW's drift with a nite but small group velocity v g forwards, i.e., in the propagation direction of the phase of its TW constituents. In the frame comoving with velocity v g , LTW states are time periodic. Remarkably enough, they are also symmetric under time translation by half an oscillation period combined with re exion through the horizontal mid plane of the uid layer. LTW's consist of three characteristic parts: a leading front (with respect to the phase propagation direction), a central part, and a trailing front. Roughly speaking, all our LTW states di er only in the width of the central part. Structural properties under the two fronts are universal but di erent for trailing and leading fronts. The amplitudes of velocity and convective temperature elds in the center of LTW's are slightly smaller than in the extended states at the same parameters. The LTW frequency, being about half the Hopf frequency at r osc , is considerably bigger than that in the competing nonlinear extended state. Consequently, the LTW concentration contrast between adjacent rolls and the mean lateral concentration current is signi cantly larger than in the extended state.
The LTW pro les of the velocity, temperature, and concentration eld have di erent shapes and widths and thus cannot be described by one common amplitude. The wavelength of a particular roll pair, and with it its phase speed v p , increases monotonically while it moves from its generation under the trailing front towards its death under the leading front. In the center, is about 10% smaller than in the extended state. Otherwise, the elds in the center of LTW states have a similar structure as in extended TW states of similar frequency. This includes the mixing and boundary-layer behaviour of the concentration eld with its characteristic plumes and trapezoidal lateral pro les.
Buoyancy balance and concentration redistribution. | Averaging over one oscillation period of the LTW, one nds that the convection-induced mean buoyancy force hbi = hc + i is dominated by the concentration contribution. The di erent widths of the pulses of hci and h i give rise to a relative enhancement of hbi right under both fronts that stabilizes the LTW against invasion of the conductive state. On the other hand, ahead of the leading front, a current-induced concentration redistribution or "barrier" is produced so as to weaken hbi there and thus to impede a rapid invasion of the quiescent conductive region by convection. The large-scale concentration redistribution is induced by a large-scale mean concentration circulation extending over the whole LTW. This mean concentration current is driven by a phase shift between the concentration wave and the velocity wave which occurs in the center part of the LTW, as in an extended TW. In the center part, the current is horizontal and of convective nature, and it ows in opposite directions in the upper and lower half of the layer. Under the fronts, the current loop is closed by vertical parts with gradient-related di usive contributions.
With decreasing LTW frequency, i.e., with increasing r, the mean concentration current decreases and with it the concentration redistribution, the "barrier" ahead of the front, and the associated hindering of the forwards motion of the leading front. Thus, the forward drift velocity increases. Vice versa, for larger !, the currentinduced, buoyancy-reducing vertical concentration distribution ahead of the leading front (the "barrier") becomes stronger and reduces more e ectively the forwards drift velocity of the pulse into the conductive region. The experimentally observed reduction of v g below zero for LTW's with even larger ! also ts into this picture: the concentration distribution piled up by the fast waves | ! and with it the concentration current is large | at the leading edge is strong enough to stabilize conduction there and to push back the convective LTW region. Narrow pulses at small negative Soret coupling. | For = 0:08, we found LTW's of uniquely selected narrow width as in experiments 6,13,10,15]. The r-band in which these pulses are stable lies in the "convectively unstable" regime above the threshold r osc for growth of extended in nitesimal TW perturbations. So these states ultimately owe their stability to the niteness of the system | in the "convectively unstable" regime wave packets of in nitesimal perturbations of the conductive state move with the fast critical group velocity and thus are absorbed in a nite system by the strong LTW state before they reach amplitude levels that can destroy the LTW pulse 21, 22, 17, 10, 12] . In an in nite system an in nite string of properly spaced pulses would be necessary. The stable LTW band also lies above the end point r of the stable nonlinear extended TW solution branch, so that the LTW attractor coexists with the one of the extended SOC solution.
The r-variation of various properties of the pulses within the stable band is in good agreement with experiments by Kolodner 10, 15] and Niemela et al. 6], if one ignores that the latter pulses 6] have zero drift velocity | presumably due 11,10] to some experimental pinning inhomogeneities. In particular, the LTW frequency decreases strongly with r, which has also been found for experimental pulses resting in a straight, rectangular convection channel 17] and for drifting pulses in an annular channel 15] . As an aside, we mention that the decay and temporal evolution of a pulse di ers signi cantly after crossing the lower or upper boundary of the r-band for stable LTW's.
LTW's at stronger negative Soret coupling. | At = 0:25, LTW's show richer and more complex bifurcation properties than at = 0:08. Again, there is a nite, narrow band of r-values in which stable LTW's exist. Here, the band lies below r osc , and the attractors of LTW, extended TW, and conductive state coexist therein with each other. Our results can be summarized and interpreted as follows: In the lower (upper) part of this band there is a uniquely selected narrow (broad) LTW state for each r , i.e., only one LTW attractor. But in between, there is bistability of two di erent LTW attractors with a narrow and a broad width, respectively. Our ndings are compatible with an S-shaped curve`(r) of LTW width`versus r that accomodates the monostable narrow and broad states on the lower and upper branch as well as the two bistable LTW attractors in the turning region of the curve`(r). Our less extensive results for the system length = 40 suggest that there (i) the upper band limit of stable LTW's lies below that of the = 20 system and that (ii) the r-subrange of bistability is narrower than for = 20. For a detailed quantitative comparison of our LTW solutions of the 2d hydrodynamic eld equations with experimental properties of LTW convection in annular channels obtained recently 14, 15] , and a discussion of common and di erent properties, we refer to section V.B.
We nally mention that we found irregular behaviour when crossing the upper existence boundary of the LTW band: First the LTW pulse expanded into the surrounding conductive state | either at both fronts or with the leading front moving faster into the same direction as the trailing one. When, in our laterally periodic system, both fronts "touched" each other they interacted strongly and caused long time complicated irregular behaviour, e.g., with strong variations in the Nusselt number. 
